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In this paper we establish some new generalizations of Aczél’s inequality and of Bellman’s
inequality; we will conclude by presenting some refinements of these inequalities.
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1. Introduction
Let n be a positive integer, and let ai, bi (i = 1, 2, . . . , n) be real numbers such that a21−
∑n
i=2 a
2
i ≥ 0 or b21−
∑n
i=2 b
2
i ≥ 0.
Then Aczél’s inequality [1] can be stated as follows:(
a21 −
n∑
i=2
a2i
)(
b21 −
n∑
i=2
b2i
)
≤
(
a1b1 −
n∑
i=2
aibi
)2
, (1.1)
with equality if and only if the sequences ai and bi are proportional.
Aczél’s inequality plays an important role in the theory of functional equations in non-Euclidean geometry, and many
authors (see [2–8] and references therein) have given considerable attention to this inequality and its refinements.
In 1959, Popoviciu [4] first derived an exponential extension of the Aczél inequality.
Theorem 1.1. Let n be a positive integer, let p > 0, q > 0, p−1 + q−1 = 1, and let ai, bi (i = 1, 2, . . . , n) be positive numbers
such that ap1 −
∑n
i=2 a
p
i > 0 and b
q
1 −
∑n
i=2 b
q
i > 0. Then(
ap1 −
n∑
i=2
api
) 1
p
(
bq1 −
n∑
i=2
bqi
) 1
q
≤ a1b1 −
n∑
i=2
aibi. (1.2)
Wu and Debnath [6] generalized inequality (1.2) in the following form.
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Theorem 1.2. Let n, m be positive integers, and let pj, aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be positive numbers such that
a
pj
1j −
∑n
i=2 a
pj
ij > 0 for j = 1, 2, . . . ,m. Then
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
) 1
pj
≤ n
1−min
{
m∑
j=1
p−1j ,1
}
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij. (1.3)
Later, in 2008, Wu and Debnath [7] established a further extension of inequality (1.3).
Theorem 1.3. Let n, m be positive integers, let pj, aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be positive numbers, and let
k (1 ≤ k < n) be a positive integer such that the sequences (a1j, a2j, . . . , akj) are monotonic in the same direction; that is,
a1j ≤ a2j ≤ · · · ≤ akj (or a1j ≥ a2j ≥ · · · ≥ akj), and∑ki=1 apjij −∑ni=k+1 apjij > 0 for j = 1, 2, . . . ,m. Then
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ (n− k+ 1)
1−min
{
m∑
j=1
p−1j ,1
}
k
m∑
j=1
p−1j −min

(
m∑
j=1
pj
)−1
,1
 k∑
i=1
m∏
j=1
aij −
n∑
i=k+1
m∏
j=1
aij. (1.4)
As an application of Aczél’s inequality, Bellman’s inequality [9] states that(
ap1 −
n∑
i=2
api
) 1
p
+
(
bp1 −
n∑
i=2
bpi
) 1
p
≤
(
(a1 + b1)p −
n∑
i=2
(ai + bi)p
) 1
p
, (1.5)
where n is a positive integer, and p ≥ 1, ai, bi (i = 1, 2, . . . , n) are positive numbers such that ap1 −
∑n
i=2 a
p
i > 0 and
bp1 −
∑n
i=2 b
p
i > 0.
Wu and Debnath [7] also gave a refinement of Bellman’s inequality.
Theorem 1.4. Let n be a positive integer, let p ≥ 1, ai, bi (i = 1, 2, . . . , n) be positive numbers, and let k (1 ≤ k < n)
be a positive integer such that the sequences (a1, a2, . . . , ak) and (b1, b2, . . . , bk) are monotonic in the same direction and∑k
i=1 a
p
i −
∑n
i=k+1 a
p
i > 0,
∑k
i=1 b
p
i −
∑n
i=k+1 b
p
i > 0. Then(
k∑
i=1
api −
n∑
i=k+1
api
) 1
p
+
(
k∑
i=1
bpi −
n∑
i=k+1
bpi
) 1
p
≤
(
k(p
2−p+1)/p
k∑
i=1
(ai + bi)p −
n∑
i=k+1
(ai + bi)p
) 1
p
. (1.6)
In this paper, we point out that inequalities (1.2)–(1.6) still hold for aij being nonnegative numbers, and establish a new
generalized version of Aczél’s inequality. We also generalize Bellman’s inequality (1.5).
In a recent paper [2], Díaz-Barrero, Grau-Sánchez and Popescu presented some refinements of Aczél and Bellman’s
inequalities as follows.
Theorem 1.5. Let n, p be positive integers and let ai, bi (i = 1, 2, . . . , n) be real numbers such that ap1 −
∑n
i=2 a
p
i ≥ 0 or
bp1 −
∑n
i=2 b
p
i ≥ 0. Then, for 2 ≤ l < n,(
ap1 −
n∑
i=2
api
)(
bp1 −
n∑
i=2
bpi
)
≤ R(ai, bi; l) ≤
(
a1b1 −
n∑
i=2
aibi
)p
, (1.7)
where
R(ai, bi; l) =
(
p
√√√√ap1 − l∑
i=2
api
p
√√√√bp1 − l∑
i=2
bpi −
n∑
i=l+1
aibi
)p
.
Theorem 1.6. Let n, p be positive integers and let ai, bi (i = 1, 2, . . . , n) be nonnegative numbers such that ap1 −
∑n
i=2 a
p
i ≥ 0
and bp1 −
∑n
i=2 b
p
i ≥ 0. Then, for 2 ≤ l < n,(
ap1 −
n∑
i=2
api
) 1
p
+
(
bp1 −
n∑
i=2
bpi
) 1
p
≤ R(ai, bi; l) ≤
(
(a1 + b1)p −
n∑
i=2
(ai + bi)p
) 1
p
, (1.8)
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where
R(ai, bi; l) =
[(
p
√√√√ap1 − l∑
i=2
api + p
√√√√bp1 − l∑
i=2
bpi
)p
−
n∑
i=l+1
(ai + bi)p
] 1
p
.
It is pointed out [6] that inequality (1.7) does not always hold for p ≥ 1 (in particular not always for p > 2). However,
we shall present some refinements of Aczél’s inequality and Bellman’s inequality with inequality (1.8) and a similar result
of inequality (1.7) as a special case in Section 2.
2. Main results
In order to present our main results, we need some lemmas, as follows.
Lemma 2.1 (Power Means Inequality, See [3]). Let n be a positive integer, let p > 0 and let ai > 0 (i = 1, 2, . . . , n). Then
n∑
i=1
api ≤ n1−min{p,1}
(
n∑
i=1
ai
)p
. (2.1)
Lemma 2.2 (Čebyšev’s Inequality, See [3]). Let n, m be positive integers and let aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be real
numbers such that the sequences (a1j, a2j, . . . , anj) are monotonic in the same direction for j = 1, 2, . . . ,m. Then
m∏
j=1
n∑
i=1
aij ≤ nm−1
n∑
i=1
m∏
j=1
aij. (2.2)
By using these two lemmas we obtain the following theorem.
Theorem 2.1. Let n, m be positive integers, let pj > 0, aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be nonnegative numbers, and
let k (1 ≤ k < n) be a positive integer such that the sequences (a1j, a2j, . . . , akj) are monotonic in the same direction and∑k
i=1 a
pj
ij −
∑n
i=k+1 a
pj
ij > 0 for j = 1, 2, . . . ,m. Then we have the inequality
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ min{C1, C2}
k∑
i=1
m∏
j=1
aij −
n∑
i=k+1
m∏
j=1
aij, (2.3)
where Cl = (n− k+ 1)1−min{
∑m
j=1 p−1j ,1}Kl (l = 1, 2) with K1 = k
∑m
j=1 p−1j −min{(
∑m
j=1 pj)−1,1}, K2 = k
∑m
j=1 p−1j −
∑m
j=1 min{p−1j ,1}+m−1.
Proof. By a simply derivation,we point out that inequalities (1.2), (1.3) and (2.1) still hold for aij being nonnegative numbers.
In fact, (2.3) yields immediately two inequalities; namely,
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ Cl
k∑
i=1
m∏
j=1
aij −
n∑
i=k+1
m∏
j=1
aij, l = 1, 2. (2.4)
We point out that these two inequalities do not include each other. For instance, let m ≥ 2; then∑mj=1 p−1j = 1 leads to
C1 < C2, while p1 = p2 = · · · = pm−1 = 1, pm > 1 leads to C1 > C2. It is also pointed out that (2.4) coincides with that of
Theorem 1 in [7] for l = 1, and hence we only need to prove (2.4) for l = 2.
Following precisely the steps presented in [7], we obtain by Theorem 1.2 that
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ (n− k+ 1)
1−min
{
m∑
j=1
p−1j ,1
}
m∏
j=1
Aj −
n∑
i=k+1
m∏
j=1
aij, (2.5)
where Aj =
(∑k
i=1 a
pj
ij
)1/pj with Apjj −∑nj=k+1 apjij > 0. Then, using the powermeans inequality (2.1) and Čebyšev’s inequality
(2.2), respectively, we have
m∏
j=1
Aj =
m∏
j=1
(
k∑
i=1
a
pj
ij
) 1
pj
≤
m∏
j=1
[
k1−min{pj,1}
(
k∑
i=1
aij
)pj] 1pj
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=
m∏
j=1
[
kp
−1
j −min{p−1j ,1}
k∑
i=1
aij
]
= k
m∑
j=1
p−1j −
m∑
j=1
min{p−1j ,1} m∏
j=1
k∑
i=1
aij
≤ k
m∑
j=1
p−1j −
m∑
j=1
min{p−1j ,1} · km−1
k∑
i=1
m∏
j=1
aij
= K2
k∑
i=1
m∏
j=1
aij. (2.6)
Combining (2.5) and (2.6) yields immediately the desired inequality (2.3). This completes the proof. 
From Theorem 2.1, taking
∑m
j=1 p
−1
j ≥ 1, we get the following.
Corollary 2.1. Under the assumptions of Theorem 2.1, and letting
∑m
j=1 p
−1
j ≥ 1, we have
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ min{K1, K2}
k∑
i=1
m∏
j=1
aij −
n∑
i=k+1
m∏
j=1
aij. (2.7)
If we take in Theorem 2.1m = 2, p1 = p, p2 = q, ai1 = ai, ai2 = bi with p−1 + q−1 = 1, we obtain the following.
Corollary 2.2. Let n be a positive integer, let p > 0, q > 0 with p−1 + q−1 = 1, let ai, bi (i = 1, 2, . . . , n) be nonnegative
numbers, and let k (1 ≤ k < n) be a positive integer such that the sequences (a1, a2, . . . , ak) and (b1, b2, . . . , bk) are monotonic
in the same direction and ap1 −
∑n
i=2 a
p
i > 0, b
q
1 −
∑n
i=2 b
q
i > 0. Then we have(
k∑
i=1
api −
n∑
i=k+1
api
) 1
p
(
k∑
i=1
bqi −
n∑
i=k+1
bqi
) 1
q
≤ k(pq−1)/pq
k∑
i=1
aibi −
n∑
i=k+1
aibi. (2.8)
The following theorem is a generalization of Bellman’s inequality.
Theorem 2.2. Let n, m be positive integers, let p ≥ 1, aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be nonnegative numbers, and
let k (1 ≤ k < n) be a positive integer such that the sequences (a1j, a2j, . . . , akj) are monotonic in the same direction and∑k
i=1 a
p
ij −
∑n
i=k+1 a
p
ij > 0 for j = 1, 2, . . . ,m. Then we have
m∑
j=1
(
k∑
i=1
apij −
n∑
i=k+1
apij
) 1
p
≤
[
k(p
2−p+1)/p
k∑
i=1
(
m∑
j=1
aij
)p
−
n∑
i=k+1
(
m∑
j=1
aij
)p] 1p
. (2.9)
Proof. The proof coincides with that of Theorem 2 in [7], and we omit it. 
Remark 2.1. Takingm = 2 leads to the result of Theorem 1.4.
Letting k = 1 in the Theorem 2.2, we have the following.
Corollary 2.3. Under the assumptions of Theorem 2.2, and letting k = 1, we have
m∑
j=1
(
ap1j −
n∑
i=2
apij
) 1
p
≤
[(
m∑
j=1
a1j
)p
−
n∑
i=2
(
m∑
j=1
aij
)p] 1p
. (2.10)
Following the same methods from [2], we present some refinements of inequality (2.3) and (2.9).
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Theorem 2.3. Under the assumptions of Theorem 2.1 and letting
∑m
j=1 p
−1
j ≥ 1, for k+ 1 ≤ l < n, we have
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
≤ R(aij; l) ≤ min{K1, K2}
k∑
i=1
m∏
j=1
aij −
n∑
i=k+1
m∏
j=1
aij, (2.11)
where
R(aij; l) =
m∏
j=1
(
k∑
i=1
a
pj
ij −
l∑
i=k+1
a
pj
ij
) 1
pj
−
n∑
i=l+1
m∏
j=1
aij.
Proof. Rearranging the terms of the left-hand side of (2.11) leads to
m∏
j=1
(
k∑
i=1
a
pj
ij −
n∑
i=k+1
a
pj
ij
) 1
pj
=
m∏
j=1
(
A
pj
j −
n∑
i=l+1
a
pj
ij
) 1
pj
, (2.12)
with Aj =
(∑k
i=1 a
pj
ij −
∑l
i=k+1 a
pj
ij
)1/pj . From the assumptions we have that Apjj −∑ni=l+1 apjij > 0. Thus, from Theorem 1.2,
we obtain
m∏
j=1
(
A
pj
j −
n∑
i=l+1
a
pj
ij
) 1
pj
≤
m∏
j=1
Aj −
n∑
i=l+1
m∏
j=1
aij = R(aij; l). (2.13)
Combining (2.12) and (2.13) yields immediately the left-hand side inequality of (2.11).
On the other hand, we have
∑k
i=1 a
pj
ij −
∑l
i=k+1 a
pj
ij > 0. Hence, we get from Corollary 2.1 that
m∏
j=1
Aj =
m∏
j=1
(
k∑
i=1
a
pj
ij −
l∑
i=k+1
a
pj
ij
) 1
pj
≤ min{K1, K2}
k∑
i=1
m∏
j=1
aij −
l∑
i=k+1
m∏
j=1
aij. (2.14)
Combining (2.13) and (2.14) leads to the right-hand side inequality of (2.11), and this completes the proof. 
Theorem 2.4. Under the assumptions of Theorem 2.2, for k+ 1 ≤ l < n, we have
m∑
j=1
(
k∑
i=1
apij −
n∑
i=k+1
apij
) 1
p
≤ R(aij; l) ≤
[
k(p
2−p+1)/p
k∑
i=1
(
m∑
j=1
aij
)p
−
n∑
i=k+1
(
m∑
j=1
aij
)p] 1p
, (2.15)
where
R(aij; l) =
[(
m∑
j=1
(
k∑
i=1
apij −
l∑
i=k+1
apij
) 1
p
)p
−
n∑
i=l+1
(
m∑
j=1
aij
)p] 1p
.
Proof. We have
m∑
j=1
(
k∑
i=1
apij −
n∑
i=k+1
apij
) 1
p
=
m∑
j=1
(
Apj −
n∑
i=l+1
apij
) 1
p
, (2.16)
with Aj =
(∑k
i=1 a
p
ij −
∑l
i=k+1 a
p
ij
)1/p
. From the assumptions we find that Apj −
∑n
i=l+1 a
p
ij > 0. Thus, from Corollary 2.3, we
obtain
m∑
j=1
(
Apj −
n∑
i=l+1
apij
) 1
p
≤
[(
m∑
j=1
Aj
)p
−
n∑
i=l+1
(
m∑
j=1
aij
)p] 1p
= R(aij; l). (2.17)
Combining (2.16) and (2.17) yields immediately the left-hand side inequality of (2.15).
On the other hand, we have
∑k
i=1 a
p
ij −
∑l
i=k+1 a
p
ij > 0. Hence, we get from Theorem 2.2 that
m∑
j=1
Aj =
m∑
j=1
(
k∑
i=1
apij −
l∑
i=k+1
apij
) 1
p
≤
[
k(p
2−p+1)/p
k∑
i=1
(
m∑
j=1
aij
)p
−
l∑
i=k+1
(
m∑
j=1
aij
)p] 1p
. (2.18)
Combining (2.17) and (2.18) leads to the right-hand side inequality of (2.15), and this completes the proof. 
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Remark 2.2. Taking m = 2, k = 1 and pj or p being positive integers, Theorem 2.3 gives a similar result to Theorem 1.5
while Theorem 2.4 leads to the result of Theorem 1.6.
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